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Abstract
We develop an algorithm for synthesizing a spatial pattern of charging/discharging
operations of in-vehicle batteries for provision of Ancillary Service (AS) in power dis-
tribution grids. The algorithm is based on the ODE (Ordinary Differential Equation)
model of distribution voltage that has been recently introduced. In this paper, firstly,
we derive analytical solutions of the ODE model for a single straight-line feeder through
a partial linearization, thereby providing a physical insight to the impact of spatial EV
charging/discharging to the distribution voltage. Second, based on the analytical solu-
tions, we propose an algorithm for determining the values of charging/discharging power
(active and reactive) by in-vehicle batteries in the single feeder grid, so that the power
demanded as AS (e.g. a regulation signal to distribution system operator for primary
frequency control reserve) is provided by EVs, and the deviation of distribution voltage
from a nominal value is reduced in the grid. Effectiveness of the algorithm is established
with numerical simulations on the single feeder grid and on a realistic feeder grid with
multiple bifurcations.
1 Introduction
Large-scale integration of Electric Vehicles (EVs) is now expected to contribute to the future
power grid operation [1]. In a transmission grid, a large population of in-vehicle batteries
is being investigated for the so-called Demand Response (DR) that aims to shift the peak
load and to provide regulation supports for primary and secondary (load) frequency controls
[2, 3]. In a distribution grid, the so-called Distribution System Operator (DSO) [4] as a load
dispatching center or aggregator is investigated for managing EVs in order to conduct the
DR. The sort of these system-level ideas is generally termed as Ancillary Service (AS) [5]
provided by EVs and has been studied by many groups of researchers: see e.g. [6, 7, 8].
The present paper addresses the provision of AS for primary frequency control reserve,
called frequency response in PJM [5]. It is required to achieve fast responsiveness of several
seconds to several minutes [6]. If the fast response is lacking, then some sorts of frequency
reserves have to be considered as secondary reserves and not a primary one. In-vehicle
batteries are capable of responding faster than synchronous generators used in large thermal
power plants and are hence suitable for the frequency response. The authors of [9] report that
in their experiment with three EVs in campus microgrid, the overall response delay of EVs
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following a change of frequency is in the ranges of two to three seconds, which is sufficient as
the requirement of primary reserve listed in [5]. Regarding this, in this paper we will propose
a computationally simple method for determining the values of charging/discharging power
by in-vehicle batteries in order to satisfy the power demanded as AS.
There are several problems on the provision of AS by EVs. One problem is to manage
the impact of charging/discharging of a large number of EVs to a distribution grid. An
EV is regarded as an autonomously moving battery in the spatial domain and can conduct
the charging and discharging (in principle) anywhere in the grid. Thus, to maintain the
nominal distribution voltage while providing the AS by EVs is a challenging subject. In fact,
Clement-Nyns et al. [10, 11] study the impact of EV charging to the distribution grid using
the load-flow analysis and propose optimization-based methods for determining the timing
and amount of charging power in order to reduce the voltage deviation. Also, Falahi et al.
[12] study the control of reactive power by grid-connected inverters of in-vehicle batteries
for the voltage regulation and propose an optimization-based method for determining the
reactive power injected to a grid from EVs in order to reduce the voltage deviation.
Currently, we are developing methodology and tools for provision of AS under cooper-
ation with an EV-sharing system, as a part of the research project “Integrated Design of
Local EMSs1 and their Aggregation Scenario Considering Energy Consumption Behaviors
and Cooperative Use of Decentralized In-Vehicle Batteries [13].” An EV-sharing system has
a function of tracking trajectories of EVs to allocate them upon user’s request [14, 15]. The
authors of [16] propose to use the function of EV-sharing system for community-level energy
management. This work opens a new possibility of integrated transportation-energy man-
agement, in which the EV-sharing system operator and DSO co-work for provision of AS.
This integration is a typical System-of-Systems (SoS) application, which is addressed in the
focus of this journal, and in this paper we address a design problem on the physical layer of
energy transmission in the SoS. Here, in the physical layer of transportation, it is planned
that a large population of shared EVs is distributed in a relatively-small area, referred to as
the Last Mile Transportation within a range of a few kilometers [15]. Thus, a large number
of charging stations can be densely placed in the small area (see [17] as an ongoing project
in Paris, France) and possibly causes a non-negligible voltage impact.
The purpose of this paper is to develop an algorithm for synthesizing a spatial pattern
of charge/discharge operations of in-vehicle batteries for not only provision of AS but also
mitigation of voltage impact. This algorithm is based on the ODE (Ordinary Differential
Equation) representation of distribution voltage derived recently by Chertkov et al. [18]. This
representation keeps spatial information of balanced distribution grids and is hence direct to
the synthesis of spatial pattern of charging/discharging operations. The ODE representation
is exploited in [19] for assessing the impact of spatio-temporal EV charging to a distribution
grid, in which practically-measured data on movements of shared EVs are used. For the above
purpose, we intend a situation where a DSO works as a provider of primary frequency control
reserve by coordinated use of EVs, receives a regulation signal from an upper transmission
system operator, and then utilizes the algorithm for provision of AS and management of
distribution voltage.
The contributions of this paper are two-fold. One is to derive analytical solutions for distri-
bution voltage for a single, straight-line feeder model. This derivation becomes possible with
the ODE representation, and the derived solutions explicitly describe the position-dependent
profile of voltage and thus provide a clear physical insight to the impact of spatial EV charg-
ing/discharging. The other contribution is based on the physical insight and to establish an
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Fig. 1: Single, straight-line distribution feeder that starts at a bank, through a finite-length
line with length L, and ends at a non-loading terminal.
algorithm for determining values of charging/discharging power by in-vehicle batteries in a
manner such that power demanded as AS is provided by EVs, and the deviation of distri-
bution voltage from a nominal value is reduced. This algorithm is easy to implementation,
needs no iterative computation like optimization with standard power-flow equations, and is
expected to be fast and scalable in terms of the grid’s complexity. This advantage is suitable
to the current motivation on providing the primary frequency control reserve from shared
EVs. The algorithm proposed here is demonstrated with numerical simulations of the two
models: the single feeder model and a realistic feeder model with multiple bifurcations.
This paper is a substantially-enhanced version of our conference paper [20]. The algorithm
in [20] was developed for synthesizing the active power only; in this paper we generalize it for
synthesizing both active and reactive power. According to this, we provide new simulation
results for both the single feeder model and the realistic feeder model. The latter model does
not appear in [20]. The rest of the paper is organized as follows. Section 2 introduces the
ODE representation of distribution voltage profile. In Section 3 we derive analytical solutions
for the distribution voltage profile. In Section 4 we propose the synthesis algorithm based
on the analytical solutions. The algorithm is numerically evaluated in Section 5. Section 6
concludes this paper with a brief summery and future directions.
2 ODE Representation of Distribution Voltage Profile
First of all, we introduce the ODE representation of distribution voltage profile based on
[18]. For simplicity of the introduction, we assume that no voltage regulation device such as
load ratio control transformer and step voltage regulator is operated. Thus, we can consider
the voltage profile starting at a distribution substation (bank) that is continuous in space
(length). Note that it is possible to include the effect of such voltage regulation devices in
the ODE representation: see [19]. Now consider a single, straight-line, balanced distribution
feeder shown in Figure 1, starting at a bank where we introduce the origin of the one-
dimensional displacement (location) x ∈ R as x = 0. The voltage phasor at the location
x is represented with v(x) exp{iθ(x)}, where i denotes the imaginary unit, v(x) the voltage
amplitude [V], and θ(x) the voltage phase [rad]. Also, as new functions in x, define the power
transfer density [V2/km] at x by s(x) := −v(x)2dθ(x)/dx and the voltage gradient [V/km]
by w(x) := dv(x)/dx. Thus, the four functions θ, v, s, and w are related with the following
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first-order nonlinear ODE [18]:
dθ
dx
= − s
v2
(v 6= 0),
dv
dx
= w,
ds
dx
=
b(x)p(x)− g(x)q(x)
g(x)2 + b(x)2
,
dw
dx
=
s2
v3
− g(x)p(x) + b(x)q(x)
v{g(x)2 + b(x)2} .

(1)
The two functions g(x) and b(x) in (1) are the position-dependent conductance and suscep-
tance per unit-length [S/km] and assumed to be continuous in x. Also, the function p(x) (or
q(x)) is the active (or reactive) power flowing into the feeder (note that p(x) > 0 indicates
the positive active-power flowing to the feeder at x). In what follows, we will call p(x) and
q(x) the power density functions in [W/km] and [Var/km].
Here, to solve the nonlinear ODE (1), it is necessary to determine not only the functions
g(x), b(x), p(x), and q(x) but also a boundary condition. Consider again the single distribution
feeder in Figure 1. At the starting point x = 0, due to voltage regulation at the bank, we
naturally set v(0) and θ(0) to be constant. Throughout this paper, v(0) coincides with unity
in per-unit system and θ(0) with zero as a reference. At the end point x = L (namely,
no feeder and load exist at x > L), by supposing that the end is not loaded, we have the
conditions s(L) = 0 and w(0) = 0 [19]. The above boundary condition is summarized as
θ(0) = 0, v(0) = 1, s(L) = 0, w(L) = 0. (2)
Note that the nonlinear ODE (1) is applicable to a distribution feeder with a bifurcation
by incorporating an appropriate boundary condition [19], which will be used in Section 5.2.
Static ZIP models [21] of loads can be also incorporated [19].2 Furthermore, we numerically
demonstrate in [19] that the distribution voltage profiles computed with (1) and standard
power-flow equations for a common feeder model are consistent. This implies that the choice
of models for distribution voltage does not affect effectiveness evaluation of the proposed
algorithm in Section 5.
3 Analytical Solutions for Distribution Voltage Profile
In this section, we derive analytical solutions of the voltage amplitude v and gradient w in
the nonlinear ODE (1). These solutions provide a clear physical insight of the distribution
voltage profile and lead to the synthesis of spatial charging/discharging patterns of in-vehicle
batteries in the next section.
We assume in this paper that both load and EV are represented as constant power model
(PQ-bus type). Conventionally, grid-connected inverters for batteries are regulated at con-
stant active power under unity power factor (implying zero reactive power)[22]. Based on
this, the proper power-flow model for batteries corresponds to PQ-bus type. Therefore, in
the nonlinear ODE model, any in-vehicle battery is represented by constant power model
(PQ-bus type) at the point of connection to a feeder.
2Dynamic models of loads such as induction machines can be connected to (1). In this case, the model
becomes a system of partial differential equations, and thus its computation (numerical approximation of
solutions of the model) should be carefully considered.
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Now consider a case in Figure 1 where multiple charging stations as well as constant
power loads are connected. Suppose that N number of stations and loads are located at
x = ξi ∈ (0, L) (i = 1, . . . , N) satisfying ξi+1 < ξi. Then, by denoting as Pi (or Qi) the
active-power discharged / charged (consumed) (or the reactive-power supplied / consumed)
at x = ξi, the power density functions p(x) and q(x) are given as
p(x) =
N∑
i=1
Piδ(x− ξi), q(x) =
N∑
i=1
Qiδ(x− ξi) (3)
where δ(x− ξi) is the Dirac’s delta function supported at x = ξi. For the current derivation,
we assume that the conductance and susceptance of the feeder are constant in x:
g(x) = G, b(x) = B
where G and B are constants. This is relevant when the single feeder is made of a common
conductor. We also assume that all v on the right-hand side of (1) are close to unity. Based
on the two assumptions, the following approximation of the nonlinear ODE (1) is obtained:
dθ
dx
= −s,
dv
dx
= w,
ds
dx
=
B · p(x)−G · q(x)
G2 +B2
,
dw
dx
= s2 − G · p(x) +B · q(x)
G2 +B2
.

(4)
The differential equations are linear and can be solved for p(x) and q(x) given in (3). Then,
the power transfer density s(x) is derived from (2), (3), and (4) as the sum of charging
(consumed) and discharging power along the portion of the feeder between x and the end
point as follows:
s(x) =

− 1
Z2
∑
j∈Ix
(BPj −GQj) , x 6= ξi
− 1
Z2
∑
j∈Iξi+1
(BPj −GQj) , x = ξi − 0
− 1
Z2
∑
j∈Iξi
(BPj −GQj) , x = ξi + 0
(5)
where Ix ⊆ {1, 2, . . . , N} is the set of all indexes i satisfying x < ξi. Based on (2), (4), and
(5), the voltage gradient w(x) is derived as follows:
w(x) =

1
Z4
∑
j∈Ix
(BPj −GQj)2 (x− ξi) + 1
Z2
∑
j∈Ix
(GPj +BQj) + f(ξi), ξi+1 < x < ξi
1
Z2
∑
j∈Iξi+1
(GPj +BQj) + f(ξi), x = ξi − 0
1
Z2
∑
j∈Iξi
(GPj +BQj) + f(ξi), x = ξi + 0
0, ξ1 < x ≤ L
(6)
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where i ∈ {1, . . . , N}, ξN+1 := 0, and
f(ξi) :=
1
Z4
∑
j∈Iξi
∑
k∈Iξj+1
(BPk −GQk)2 (ξj+1 − ξj). (7)
Consequently, the voltage amplitude v(x) is derived from (4) and (6) as in (8). Here, because
of v(ξN+1) = v(0) = 1, the term v(ξi+1) on the right-hand side in (8) can be determined in
a recursive manner.
v(x) =

1
2Z4
∑
j∈Ix
(BPj −GQj)2
{
(x− ξi)2 − (ξi+1 − ξi)2
}
+
1
Z2
∑
j∈Ix
(GPj +BQj) (x− ξi+1) + f(ξi)(x− ξi+1) + v(ξi+1), ξi+1 ≤ x ≤ ξi,
v(ξ1), ξ1 < x ≤ L.
(8)
The derived analytical solutions provide physical implications for not only understanding
the impact of EV charging/discharging but also synthesizing its spatial pattern for provision
of AS. The voltage gradient w(x) is a piecewise affine function in x, implying that the charging
and discharging power by EVs affects the distribution grid linearly. Also, the solutions of
w(x) and v(x) include the term of linear sum of charging (consumed) and discharging power,∑
j∈Ix(GPj + BQj), uniquely determined by the location x. This clearly suggests that the
voltage gradient w(x) and amplitude v(x) can be shaped with the charging and discharging
power by EVs. Based on these observations, in the next section we will consider how to
determine the values of charging and discharging power of in-vehicle batteries.
The linear ODE (4) was derived for the single feeder with constant power model. The
“constant” implies that the amount of active and reactive power consumed is not dependent
on voltage, current, and time. The analytical solutions (5), (6), and (8) are thus not valid for
situations in which a load is represented by static ZIP model or any dynamic model. Such
situations need to be considered for evaluating the performance of AS frequency response as
a controlled dynamic system [8, 25], which is our future work.
4 Synthesis of Charging/Discharging Pattern
In this section, based on the analytical solutions and physical insight in Section 3, we develop
an algorithm for synthesizing the spatial pattern of charging/discharging power of in-vehicle
batteries.
4.1 Synthesis Principle
Our synthesis principle is based on the physical insight derived with the analytical solutions.
By definition, the zero voltage gradient w(x) = 0 implies no change of the voltage amplitude
v(x). We see from (6) that w(x) is piecewise affine with respect to the position x, where
there are multiple discontinuous points x = ξi due to charging (consuming) or discharging
operations of EVs and loads. Here, we focus on the terms including
∑
j∈Ix(GPj + BQj)
in (6) for the synthesis. It should be stated at first that the magnitude of the position (x)
dependent term in (6) is much smaller than those of the other terms in normal setting of
distribution grids [20]. We thus see from (6) that if
∑
j∈Ix(GPj +BQj) is zero at x ∈ (0, L),
then w(x) is approximately zero, that is, v(x) does not change near x. Since the voltage
amplitude v(ξN+1 = 0) at the starting point is regulated at unity (nominal value) as shown
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in (8) at i = N , shaping the voltage gradient w(x) in a recursive manner from the end point
of the feeder can reduce the deviation of voltage amplitude v(x) from the nominal value. The
reason of why we focus on w(x) is that by comparison with v(x), w(x) clearly shows the
grid’s state, for example, loading condition, generating condition such as PV, and network
topology, which will be shown in Figures 3b and 8.3
Namely, the synthesis procedure is that we determine the active and reactive power sup-
plied by EVs connected to each charging station such that
∑
j∈Ix(GPj + BQj) approaches
a value around zero. In a practical charging station, the amount of charging/discharging
power is limited by State-Of-Charge (SOC) of in-vehicle batteries and inverter capacity of
chargers. Also, for utilization of EVs connected to a distribution feeder, the loading capacity
of bank transformer can limit the amount of provision of AS. In this paper, as introduced
below, the loading capacity is sufficiently larger than the amount of active power demanded
as AS, and hence we do not consider the loading capacity. When the calculated value of
charging/discharging power at a station exceeds the upper-limit value determined by the
SOC status, the excess (or residual) power is assigned to another station on the feeder close
to the bank.
Here, we point out that the above procedure does not necessarily lead to the perfect provi-
sion of AS demanded as a regulation signal to DSO. Thus, the calculated charging/discharging
power at each charging station is refined to achieve the perfect provision. This is conducted
from the charging station closest to the bank in order. By doing this, it would happen that
the value of
∑
j∈Ix(GPj +BQj) becomes far from zero. Thus, we determine the value of re-
active power supplied by EVs such that
∑
j∈Ix(GPj +BQj) again approaches a value around
zero. For the compensation of reactive power, there exist authorized grid codes for the lower
limit of power factor: 0.95 in Ireland and U.K.[23]; 0.9 in Japan[24]. In this paper, according
to the Japanese grid code, we set the upper limit of the charging/discharging (active) power
for every charging station to 90 % of the original upper limit in order to enable us to supply
reactive power by all the charging stations.
4.2 Proposed Algorithm
Suppose that multiple stations and loads are connected to the single feeder grid as shown in
Figure 1. Before algorithm development, we summarize the input data to the algorithm as
follows:
• Pref : Active power (or value of regulation signal) demanded as AS to DSO that manages
the feeder and commands EVs at charging stations to charge, discharge, or stop;
• Nsta: Total number of the charging stations;
• ξsta,i ∈ {ξ1, . . . , ξN} (i = 1, . . . , Nsta): Location of i-th charging station;
• [P i, P i]: Range of possible charging/discharging power by a group of EVs (in-vehicle
batteries) connected to the i-th station, where P i ≤ 0 for charging and P i ≥ 0 for
discharging;
• NL: Total number of loads;
• ξLj ∈ {ξ1, . . . , ξN} (j = 1, . . . , NL): Location of j-th load;
3Also, regarding control, this focus on w has a reasonable analogy with stabilization of the motion of a mass
point in a potential field. It is known in control engineering that in order to stabilize the motion asymptotically
with a proportional feedback law of force, the stabilization is never achieved with the displacement of point.
However, the stabilization is possible with the velocity—the time derivative of displacement.
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Algorithm 1 Synthesis of charging/discharging pattern (active and reactive power) of in-
vehicle batteries for provision of AS and mitigation of voltage impact
1: function main
2: {PEVs,i}i=1,...,Nsta ← ACTIVE(Pref)
3: {QEVs,i}i=1,...,Nsta ← REACTIVE({PEVs,i}i=1,...,Nsta)
4: end function
• PLj (≤ 0) (j = 1, . . . , NL): Power consumption of j-th load; and
• G and B: Feeder’s conductance and susceptance per unit-length.
Here, we have Nsta +NL = N and {ξsta,1, . . . , ξsta,Nsta}∪ {ξL1, . . . , ξL,NL} = {ξ1, . . . , ξN}, and
we note that the indexes i, j of ξsta,i and ξLj are chosen from the end point of the feeder
to the starting one; that is, ξsta,Nsta and ξL,NL are the nearest station and load to the bank
along the feeder line. We assume that the above data on in-vehicle batteries are available
in the EV-sharing system [16], and that the data on loads are available in a DSO. Since we
intended the primary frequency control reserve, Pref is regarded as a part of the amount of
active power required for stabilization of grid frequency. Several methods for determining
the value Pref are reported in [8, 26].
Thus, in order to provide the AS demand power and reduce the deviation of distribution
voltage, we now propose an algorithm to determine the amount of charging/discharging
(active) power by a group of EVs at i-th station, PEVs,i ∈ [P i, P i] as well as supplying
reactive power, QEVs,i. This procedure is summarized in Algorithms 1, 2, and 3. Algorithm 1
consists of Algorithms 2 and 3 that determine PEVs,i and QEVs,i, respectively.
Algorithm 2 describes the procedure of determining the charging/discharging power PEVs,i
for the given regulation signal Pref and is divided into the two parts. Firstly, from the end
point of the feeder, the value of PEVs,i at i-th station is calculated in a manner such that the
sum
∑
i∈Ix(GPi +BQi) under Qi = 0 approaches a value around zero. Hence, the deviation
of distribution voltage from the nominal value is reduced. Here, the range [P i, P i] of possible
charging/discharging power depends on the number of EVs connected there, SOC of the
corresponding batteries, inverter capacity of the battery chargers, plan and request of use of
shared EVs, and so on. The residual of power happens when the calculated power for i-th
station is greater than P i (see line 12 in Algorithm 2) or smaller than P i (see line 17 in
Algorithm 2). This residual is incorporated for calculation of the next station, PEVs,i+1 (see
lines 4–6 in Algorithm 2). Secondly, from the charging station closest to the bank, PEVs,i is
refined in a manner such that the total sum of PEVs,i is equal to the given regulation signal
Pref (see lines 29–42 in Algorithm 2).
Algorithm 3 follows Algorithm 2 and describes the procedure of determining the supplying
reactive power QEVs,i for supporting the voltage regulation above. The calculated PEVs,i may
not be enough to setting
∑
i∈Ix(GPi+BQi) close to zero due to the value of regulation signal
and the existing range [P i, P i]. In Algorithm 3, the value of QEVs,i at i-th station is calculated
in a manner such that the sum
∑
i∈Ix(GPi+BQi) approaches a value around zero. Thus, the
supply of reactive power can compensate the loss of regulation effort by charging/discharging
power PEVs,i. In this paper, according to the Japanese grid code [24], we suppose that the
feasible range of power factor is set at [0.9, 1], and associated range [Q
i
, Qi] of supplying
reactive power is set with the pre-calculated PEVs,i (see lines 10 and 11 in Algorithm 3).
In the above calculation of QEVs,i, the residual of reactive power happens if the calculated
reactive power is greater than Qi (see line 14 in Algorithm 3) or smaller than Qi (see line 19
in Algorithm 3). This residual is incorporated for determination of the next station, QEVs,i+1
8
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Fig. 2: Single feeder model. The feeder has 4 charging stations and 5 loads located at a
common interval (0.5 km). The starting and end points are assumed to have no load for
simplicity of the current study.
(see lines 4–6 of Algorithm 3) in the same manner as PEVs,i+1.
Note that grid-connected inverters are conventionally initiated to provide reactive power
when their regulation of active-power output is insufficient for voltage control [23]. A flow
chart of initiating the supply of reactive power is decided in the grid code. In this paper,
to evaluate the effectiveness of synthesized pattern of active and reactive power, we simply
assume that any inverter in this paper can provide both active and reactive power in any
situation.
5 Numerical Experiments
5.1 Single Feeder
In this sub-section, we evaluate the effectiveness of the proposed algorithm with direct nu-
merical simulations of (1) for the single feeder model in Figure 2. This feeder has loads and
charging stations located at a common interval (0.5 km). We have assumed that no load exists
at the end point of the feeder. The secondary voltage at the bank is regulated at 6.6 kV. The
loading capacity of the bank transformer is set at 12 MVA, and the feeder’s resistance (or
reactance) at 0.227 Ω/km (or 0.401 Ω/km). These values are based on the standard setting
of medium-voltage distribution grids in Japan; the loading capacity (12 MVA) corresponds
to the base power in this subsection. Thereby, we use per-unit system for numerical simula-
tions of the single feeder model. The conductance G (or susceptance B) per unit-length is
calculated as 3.881 (or 6.856) in per-unit system (hence G/B is about 5.661 × 10−1). The
total amount of the loads is set as 30 % of the loading capacity of the bank. The loads are
represented as constant power model as stated above. We suppose that each EV has rated
power output of 4 kW (3.3 × 10−4) [10], and each station has the limit of maximum 100
EVs for simultaneous charging and discharging operations, implying P i = −3.3 × 10−2 and
P i = 3.3×10−2. The regulation signal Pref to DSO managing the single feeder with charging
stations is set at 1.00× 10−1, implying 10% of the loading capacity of the bank.
For comparison, we consider the two cases on synthesized patterns of charging/discharging
(active) power and supplying reactive power. One case is based on the proposed algorithm,
and the resulting patterns on active and reactive power are normally nonuniform for every
charging station. The other case considers an uniform pattern of charging/discharging power,
which is equally allocated and is derived by dividing the regulation signal Pref by the number
of charging stations [25, 26]. Also, in the second case, we consider an uniform pattern
of the supplying reactive power for every station, in which we use the common value of
charging/discharging power multiplied by a constant power factor, in this paper, 0.9 [24].
In order to avoid the difficulty of numerical simulations of (1) due to the delta function
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(b) Spatial profiles of voltage gradient and ampli-
tude
Fig. 3: Results on the proposed algorithm for synthesizing the spatial pattern of discharging
operations of in-vehicle batteries for the single feeder. In (a) the red, solid lines represent
spatial patterns of active power and the blue, dotted lines do those of reactive power. The
top of the figure (a) shows the consumption of loads (negativeness) and the uniform pattern
of discharging power (positiveness) and of supplying reactive power (positiveness, too). The
bottom of the figure (a) shows the consumption of loads and the synthesized pattern of
discharging power and supplying reactive power based on the proposed algorithm. The figure
(b) shows the numerical simulations of the nonlinear ODE (1) incorporating with the power
density functions based on the figure (a). The red, solid lines denote the simulation results for
the uniform pattern (on the top of the figure (a)) and the blue, dashed lines for the synthesized
pattern (on the bottom of the figure (a)).
in p(x) of (3), as in [19] we use the following coarse-graining of the function with Gaussian
function:
p(x) ∼
N∑
i=1
Pi√
2piσ2
exp
(
−(x− ξi)
2
2σ2
)
(9)
where we regard x, ξi as scalars, and σ is the standard deviation. σ was fixed at 0.05 km,
which was much smaller than the interval (0.5 km). The reactive-power q(x) is also treated in
the same manner as p(x) above. This coarse-graining will be used for plotting the functions
and spatial patterns of active and reactive power.
Figure 3a shows the spatial patterns of active and reactive power that result in the power
density functions p(x) and q(x). The red, solid lines denote active power and the blue, dotted
lines do reactive power. The top of the figure (a) shows the consumption of the 5 loads
(negativeness) and the uniform discharging power (positiveness) from the 4 stations, which
is equally allocated, that is, derived by dividing the regulation signal Pref by the number
of charging stations. The uniform supplying reactive power (positiveness, that is, leading-
phase) is also shown in the same figure. The bottom of the figure (a) shows the consumption
of loads and the synthesized pattern of discharging power and supply reactive power based
on the proposed algorithm. The total sum of the discharging power at the 4 stations is equal
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Tab. 1: Values of spatial patterns of the 4 charging stations in the single feeder model
(a) Uniform case (on the top of Figure 3a)
St. 1 St. 2 St. 3 St. 4 Total
Pi/10
−2 2.50 2.50 2.50 2.50 10.0
Qi/10
−2 1.21 1.21 1.21 1.21 –
(b) Proposed case (on the bottom of Figure 3a)
St. 1 St. 2 St. 3 St. 4 Total
Pi/10
−2 1.00 3.00 3.00 3.00 10.0
Qi/10
−2 0.48 1.45 1.45 1.45 –
to Pref = 1.00× 10−1 for both the cases, as shown in Tables 1a and 1b. This implies that the
provision of active power from EVs is realized with the proposed algorithm.
Figure 3b shows the numerical solutions of the nonlinear ODE (1) incorporating with the
power density functions based on Figure 3a. The top of the figure (b) shows the voltage
gradient for the two cases, which are the uniform pattern (on the top of Figure 3a) denoted
by red, solid lines and the synthesized pattern (on the bottom of Figure 3a) by blue, dashed
lines. The associated voltage amplitude is shown in the bottom of the figure (b). The top
of the figure (b) shows that the loads and charging stations are clearly located by detecting
the change points of voltage gradient by comparison with voltage amplitude in the bottom
figure. By comparison of the two cases, we see that the voltage gradient becomes close to
zero in the synthesized pattern, and hence the deviation of voltage amplitude from nominal
is decreased. This clearly shows that the proposed algorithm is effective for the mitigation
of voltage impact.
The voltage amplitude in the bottom of Figure 3b is the result of synthesized pattern of
discharging operations in Table 1b. based on Algorithms 1 to 3. Since the algorithms do not
use any optimization, the synthesized pattern is not necessarily optimal in a suitable sense
such as the L2 norm
∫ L
0 {v(x) − 1}2dx or
∫ L
0 {w(x)}2dx. An iterative calculation is required
for finding the optimal pattern of spatial charging/discharging. We here contend that the
proposed algorithm without iteration is significant to the provision of primary frequency con-
trol reserve because its execution is terminated quickly. Indeed, for a single feeder, only three
steps are executed for determining the pattern: Construction of power density function based
on a load profile, (Algorithm 2) calculation of active power to achieve Pref , and (Algorithm
3) calculation of reactive power.
5.2 Multiple feeders
In this sub-section, we evaluate the effectiveness of the proposed algorithm for the multiple
feeders shown in Figure 4. This model is based on a practical distribution grid of residential
area in western Japan and is provided by a power company. It has multiple bifurcations
denoted by black circles and 16 charging stations denoted by circled numbers. The sum
of the lengths of all the feeders is 5.75 km. The model has one switchgear at 1 km from
the bank and has no load connected to the feeder between the switchgear and the bank.
We assume that the secondary voltage at the bank is regulated at 6.6 kV. The loading
capacity of the bank is set at 20 MVA. The model has 232 pole transformers distributed
along the feeders from the switchgear to each end. All the pole transformers are connected
to a total of 4587 residential households. The residential loads used below are based on
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Fig. 4: Model of multiple feeders based on a practical distribution grid of residential area in
Japan. The 16 charging stations are virtually installed and denoted by the circled numbers.
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Fig. 5: Spatial distribution of loads in the model of multiple feeders. The black parts
(negative values of density) represent the power consumption by loads via pole transformers.
practical measurement at 19 o’clock in summer in Japan.4 The corresponding power density
function for loads as constant power model is shown in Figure 5. The function is constructed
in the same way as in the single-feeder case. In the figure, the positiveness (black) implies the
discharging operation by batteries, and the negativeness (black) does the charging operation
or the power consumption by load. The black part on the feeders therefore represents the
locations connected to the residential loads through the pole transformers. In addition to
the loads, we assume that each station has the limit of maximum 50 EVs for simultaneous
charging or discharging, where each EV has the rated power output of 4 kVA (3.33 × 10−4
in the per unit system of the multiple feeders; its base power corresponds to the loading
capacity of the bank, 20 MVA). This implies the range of charging/discharging power of each
station, P i = −1.00× 10−2 and P i = 1.00× 10−2. Also, we set the regulation signal Pref to
DSO managing the multiple feeders with charging stations at 1.00 × 10−2, implying 1% of
the loading capacity of the bank.
For comparison, we consider the two cases on synthesized patterns of charging/discharging
(active) power and supplying reactive power. One case is based on the proposed algorithm,
and the resulting patterns on active and reactive power are normally nonuniform for every
charging station. The other case is the same as in Section 5.1 and considers a uniform
pattern of charging/discharging power, which is equally allocated and is derived by dividing
the regulation signal Pref by the number of charging stations, in this model, 16. Also, in the
second case, we consider an uniform pattern of the supplying reactive power for every station,
in which we use the common value of charging/discharging power multiplied by a constant
power factor, in this paper, 0.9 [24].
4The detailed data on the feeders and loads could not be published following an agreement with the
collaborators.
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Here, we summarize how to apply the proposed algorithm for the single feeder to the
multiples ones. Firstly, the amount of charging/discharging (active) power is calculated for
each feeder based on Algorithm 2. That is, the amount of active power is calculated such that∑
j∈Ix(GPj + BQj) approaches a value around zero as shown in lines 3–27 of Algorithm 2.
For a single feeder linking two different bifurcations points, if Presidual is not zero at the
bifurcation point close to the bank, then Presidual is assigned to the charging station that is
the closest (along the feeder) from the bifurcation point (if exists) on the feeder linked to the
bank. Secondly, from the charging station closest to the bank, PEVs,i is refined in a manner
such that the total sum of PEVs,i is equal to the given regulation signal Pref as shown in
lines 29–42 of Algorithm 2. Finally, the compensation of reactive power is determined for
each feeder based on Algorithm 3. For a single feeder linking two different bifurcations points,
if Qresidual is not zero at the bifurcation point close to the bank, then Qresidual is assigned to
the charging station on another feeder in the similar manner as in Presidual.
Figure 6 shows the results on charging/discharging patterns of active power at the 16
stations. The equally allocated pattern is shown in Figure 6a, and the synthesized pattern
based on the proposed algorithm is shown in Figure 6b. Since the synthesis is based on
the power density function for loads in Figure 5 and the regulation signal for AS, we see in
the synthesized pattern that multiple stations close to each end of the feeders exhibit the
discharging operation (positive value of density). As shown below, the discharging operation
is assigned such that the deviation of distribution voltage around the ends is reduced. In
contrast to this, the six stations closed to the bank exhibit the charging operation in order
to provide the amount of the regulation signal. In fact, the total sum of the amounts of
discharging and charging power at the 16 stations is equal to the given regulation signal
Pref = 1.00 × 10−2 as shown in Tables 2a and 2b. Therefore, we conclude for the model of
multiple feeders that the provision of active power from EVs is realized with the proposed
algorithm.
Figure 7 shows the results on patterns of supplying reactive power. In the figure, the
positive value (black) represents the supply of leading-phase reactive power and the negative
value (black) does the supply of lagging-phase reactive power. The uniform supply under
the equally allocated pattern is shown in Figure 7a where all the reactive power is leading-
phase. The synthesized result based on the proposed algorithm is shown in Figure 7b. In
the synthesized case, since the supply reactive power at each station is determined with the
term
∑
j∈Ix(GPj +BQj) in (6), we see the difference of magnitudes of the supplying reactive
power (although this is not vivid in Figure 7b), see Table 2b.
Figure 8 shows the numerical simulations of the nonlinear ODE (1) incorporated with the
power density functions based on Figures 6 and 7. The simulations for the multiple feeders
with bifurcations were performed with the same scheme as in [19]. The voltage amplitude
at the starting of the feeder is set to unity that is a boundary condition of (1). The voltage
gradient at each open end of the feeders is set to zero that is another boundary condition. The
simulations for the equally allocated pattern of active power is shown in Figure 8a. For this,
we constructed the power density functions p(x) and q(x) with Figures 5, 6a, and 7a. The
simulations for the synthesized patterns are shown in Figure 8b where we use p(x) and q(x)
with Figures 5, 6b, and 7b. In comparison with Figure 8a, we vividly see in Figure 8b that the
deviation of voltage gradient on the feeder surrounded by the dotted line is greatly reduced,
and thus that the voltage amplitude at each end of the feeders is increased. We conclude for
the model of multiple feeders that the proposed algorithm does work for provision of AS (as
in Tables 2b) and mitigation of voltage impact.
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Fig. 6: Results on charging/discharging patterns at the 16 charging stations. The black
marks represent the discharging operation and the black marks the charging operation. The
left figure (a) is the result on equally allocated pattern of the given regulation signal, and the
right figure (b) is the result on the proposed algorithm.
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(b) Synthesized Q under synthesized P
Fig. 7: Results on patterns of supply reactive power at the 16 charging stations. The
black marks represent the leading-phase operation and the black marks the lagging-phase
operation. The left figure (a) is the result on the constant power-factor control under the
equally allocated patten in Figure 6a. The right figure (b) is the result on the proposed
algorithm under the synthesized pattern in Figure 6b.
6 Conclusion
We developed an algorithm for synthesizing the spatial pattern of charging/discharging op-
erations of in-vehicle batteries for not only provision of AS but also mitigation of voltage
impact. This algorithm is based on analysis and physical implications of the nonlinear ODE
(1) for continuum representation of distribution voltage. It is easy for implementation in
software and needs no iterative computation like optimization using power-flow equations,
and thus is expected to be fast and scalable for large-scale applications. This is significant
to the provision of primary frequency control reserve, which is the fastest responsiveness of
AS. Effectiveness of the proposed algorithm was established with numerical simulations on
the single feeder model and on the practical model of multiple feeders.
Several remarks on the current work in this paper are presented. First, in this paper, we
did not consider any voltage regulator (e.g. step voltage regulator) for the synthesis proce-
dure. As shown in [19], since such a regulator is incorporated with the nonlinear ODE (1) by
introducing a boundary condition, it is possible to use the regulator for the current synthe-
sis purpose. Second, we assumed that the target feeder models have constant conductance
and susceptance in position. This assumption can be relaxed substantially by introducing a
boundary condition [19], while still applying the same analysis and algorithm as in this paper.
Because the ratio of conductance and susceptance is particularly important with regard to
the effectiveness of reactive-power compensation, it is necessary to appropriately determine
the boundary condition at the point where the values of conductance and susceptance change.
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Fig. 8: Numerical simulations of the nonlinear ODE (1) incorporated with the power density
functions based on Figures 5, 6, and 7. The voltage amplitude at the starting of the feeder
is set to unity that is a boundary condition of (1). The voltage gradient at each end of the
feeders is set to zero that is another boundary condition.
Third, in this paper, we considered the provision of AS by in-vehicle batteries under a static
situation in time. But, when we provide AS as the primary frequency control reserve, it
is necessary to evaluate the algorithm under dynamic situations of voltage and frequency.
Regarding this, in this paper we derived the analytical solutions for constant power model.
A remaining work is to derive analytical solutions for various load models and to establish a
synthesis algorithm based on them. Finally, the achievement of AS provision by EVs highly
depends on their primary use for transportation. Therefore, it is important to design the
integrated transportation-energy management system that can handle actual data on vehicle
location obtained with GPS or predicted data.
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Algorithm 2 Determination of charging/discharging (active) power
1: function ACTIVE(Pref)
2: i← 1, j ← 1, Presidual ← 0
3: while i ≤ Nsta do
4: if Presidual 6= 0 then
5: PEVs,i ← Presidual
6: Presidual ← 0
7: else
8: PEVs,i ← 0
9: end if
10: while ξLj > ξsta,i do
11: PEVs,i ← PEVs,i − PLj
12: if PEVs,i > P i then
13: Presidual ← PEVs,i − P i
14: PEVs,i ← P i
15: j ← j + 1
16: break
17: else if PEVs,i < P i then
18: Presidual ← PEVs,i − P i
19: PEVs,i ← P i
20: j ← j + 1
21: break
22: end if
23: j ← j + 1
24: end while
25: Pref ← Pref − PEVs,i
26: i← i+ 1
27: end while
28: i← i− 1
29: while (Pref 6= 0) ∧ (i ≥ 1) do
30: if PEVs,i + Pref > P i then
31: Pref ← Pref − P i + PEVs,i
32: PEVs,i ← P i
33: i← i− 1
34: else if PEVs,i + Pref < P i then
35: Pref ← Pref − P i + PEVs,i
36: PEVs,i ← P i
37: i← i− 1
38: else
39: PEVs,i ← PEVs,i + Pref
40: Pref ← 0
41: end if
42: end while
43: return PEVs,i
44: end function
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Algorithm 3 Determination of reactive power compensation
1: function REACTIVE({PEVs,i}i=1,...,N )
2: i← 1, j ← 1, Qresidual ← 0
3: while i ≤ Nsta do
4: if Qresidual 6= 0 then
5: QEVs,i ← Qresidual
6: Qresidual ← 0
7: else
8: QEVs,i ← 0
9: end if
10: Qi ←
√
(PEVs,i/0.9)2 − P 2EVs,i
11: Q
i
← −
√
(PEVs,i/0.9)2 − P 2EVs,i
12: while ξLj > ξsta,i do
13: QEVs,i ← GB−1(PEVs,i − PLj)
14: if QEVs,i > Qi then
15: Qresidual ← QEVs,i −Qi
16: QEVs,i ← Qi
17: j ← j + 1
18: break
19: else if QEVs,i < Qi then
20: Qresidual ← QEVs,i −Qi
21: QEVs,i ← Qi
22: j ← j + 1
23: break
24: end if
25: j ← j + 1
26: end while
27: i← i+ 1
28: end while
29: return QEVs,i
30: end function
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